ABSTRACT. The paper is concerned with the uniqueness of solutions to non-well-posed hyperbolic boundary value problems. Both regular and singular boundary value problems are considered. For the singular problem a class of boundary conditions is considered that has not appeared in the literature before in connection with this problem. In all of the above papers, with the exception of Abdul-Latif and Diaz, the basic technique of proof is the same. An energy integral argument is used along with the fact that a certain class of eigenfunctions forms a complete set. We wish to present a proof which we believe is more direct, and at the same time demonstrates the close relationship between uniqueness results for hyperbolic boundary value problems and the Fredholm alternative. This method of
1. Introduction. It is well known that the Dirichlet problem for hyperbolic equations does not in general constitute a well-posed problem. In the case of the one-dimensional wave equation utt -uxx = 0, for example, Bourgin and Duffin [2] have shown that uniqueness to the Dirichlet problem for a rectangle with sides parallel to the coordinate axis holds if and only if the ratio of the sides of the rectangle is an irrational number. The Dirichlet problem for the one-dimensional wave equation has also been considered by Picone [9] , John [8] , and Fox and Pucci [7] . Dunninger and Zachmanoglou have extended the result to «-dimensional wave equations [5] , and to more general hyperbolic equations in cylindrical domains [6] . Similar results for the Neumann problem for the «-dimensional wave equation have been obtained by Sigillito [10] . The result has been extended to ultrahyperbolic equations by Diaz and Young [3] , and to singular hyperbolic equations by Young [11] , and Dunninger and Weinacht [4] . Recently, Abdul-Latif and Diaz [1] have given a geometric proof of the original one-dimensional Bourgin and Duffin result under more general DirichletNeumann boundary conditions.
In all of the above papers, with the exception of Abdul-Latif and Diaz, the basic technique of proof is the same. An energy integral argument is used along with the fact that a certain class of eigenfunctions forms a complete set. We wish to present a proof which we believe is more direct, and at the same time demonstrates the close relationship between uniqueness results for hyperbolic boundary value problems and the Fredholm alternative. This method of 2. The regular case. In order to better demonstrate the close relationship between the Fredholm alternative and the uniqueness of solutions to hyperbolic boundary value problems, we shall restrict our attention to the one-dimensional wave equation
where Z? = {(x, t): 0 < x < a, 0 < t < ô}. We assume that /G C'(R) and / = 0 on bR.
In general, existence of solutions to the nonhomogeneous boundary value problem (2.1) is difficult to establish, and still sppears to be an open question for arbitrary / However, since our main purpose in discussing problem (2.1) is to demonstrate its relationship with the Fredholm alternative, we shall circumvent However, problem (2.2) has a unique solution if and only if k2W2ja2 is not equal to any of the eigenvalues of h"(t) + Xh(t) = 0, «(0) = h(b) = 0, that is, if and only if &2n2/a2 ¥= n2U2/b2, for k = 1, 2, . . . , and « = 1, 2, . . . .
Thus, we see that problem (2.1) has a unique solution if and only if a/b is irrational. The remainder of the proof follows directly from the Fredholm alternative.
A similar result can be stated for the equation
However, we shall forego this extension and instead concentrate on an extension to a class of singular hyperbolic boundary value problems. First we need to establish some results about singular boundary value problems for ordinary differential equations.
3. Some preliminary results. Consider the homogeneous equation
where the point a is a regular endpoint and the point zero is a singular endpoint, that is p(0) = 0. A solution of (3.1) that satisfies (3-2) j"%(r)Wr)l2*<°°.
is said to have finite S norm over (0, a). The fundamental result concerning singular differential equations was obtained by H. Weyl.
Weyl's Theorem. Let a be a regular point and 0 a singular point of equation (3.1).
(i) If for some particular value of X every solution of (3.1) is of finite S norm over (0, a), then for any other value ofX, every solution is again of finite S norm over (0, a).
(ii) For every X with Im X ¥= 0, there exists at least one solution of finite S norm over (0, a).
We say that we have the limit circle case at 0 when all solutions are of finite 5 norm over (0, a). We have the limit point case at 0 when for some Im X ¥= 0 there is exactly one solution of finite S norm over (0, a).
C. C. TRAVIS
We shall now consider the equation (3.3) (/«/»Y + tk\<p = 0 in 0 < t < a.
The point t = 0 is singular, and for X = 0 we find that 0j(r) = 1 and <p2(t) = tx~k are independent solutions of (3.3). Clearly, fa)t*\(p1(t)\2 dt < °° if and only if -1< k and ¡a0tk\^2(t)\2 dt < °° if and only if k < 3. Thus, for equation (3.3) we have the limit circle case at r = 0 if and only if -1 < k < 3; otherwise, we have the limit point case. We shall consider the limit point case first. If we impose the boundary condition <f>(a) = 0 at the regular point a, and the boundary condition Jq^IçH/)!2dt<°° at the singular point, we are led to the singular eigenvalue problem (rV)'+/*X* = 0, 0<r<fl, (3.4) (V|0(i)l2<fr<~, 0(a) = 0.
Jb
In general, a singular eigenvalue problem in the limit point case, like (3.4), can have both a continuous spectrum and a point spectrum, or it can have a continuous spectrum and no point spectrum, or it can have a pure point spectrum.
However, for equation (3.4) we have the following result. where £(r, X0) is a possibly complex-valued solution of (tk%')' 4-X0tk% = 0 satisfying limi^0+ r^IVd, f; t) -0. It is well known that the limit circle case with the above boundary conditions always leads to a pure point spectrum and that the eigenfunctions form a complete orthonormal set with weight tk. where k is a real parameter, -°° < k < °°. We assume x = (xx, x2,. . . , xn) represents a point in En and au(x) is of class C1 in a domain D = {(x, t): xEG; 0 < t < a} where G is a bounded regular domain in E". It is also assumed that c(x) is continuous, a¡¡ = ajt, and that the principal part of equation (3.1) is uniformly elliptic, i.e., 'Laij(x)^¡%j >/i|¿|2 (p > 0) for all «-tuples i=(%x,%2, . . . , £"). We shall denote by 9/9i> the transverse derivative defined by r~ = Z ai7(x) cos(i>; x,.) -,
where v is the exterior normal to bG. Equation (4.1) is a generalization of the well-known Euler-Poisson-Darboux equation which has been the object of extensive research. E. C. Young [11] has studied boundary value problems for equation (4.1) under less general boundary conditions than considered here. He made special notice of the cases k < 0 and 0 < k. We shall demonstrate that the two important cases are k E (-1, 3 ) and k $ (-1, 3) . It should be pointed out that the results obtained in this section are new even in the case k = 0, where they extend [2] , [6], [7] by considering more general boundary conditions. 
